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Abstract
Let G = (V(G), E(G)) be a nontrivial, ﬁnite, and connected graph. Deﬁne a k-coloring c : E(G) → {1, 2, ..., n} for some n ∈ N,
where two adjacent edges may have the same color. A path from u to v, denoted by u − v path, is said a u − v rainbow path, if there
are no two edges in u − v path having the same color. A k-coloring is said a rainbow k-coloring, if every pair of vertices u and v in
the V(G) has a u − v rainbow path. The minimum k for which there exists such a k-coloring is deﬁned as the rainbow connection
number rc(G) of G.
In this paper we introduce two new classes, namely origami graphs and pizza graphs. We determine the rainbow connection number
of the graphs.
c© 2015 The Authors. Published by Elsevier B.V.
Peer-review under responsibility of the Organizing Committee of ICGTIS 2015.
Keywords: Edge coloring, origami graph, pizza graph, rainbow coloring, rainbow connection number.
2010 MSC: 05C15, 05C40, 05C38
1. Introduction
The concept of rainbow connection number was ﬁrst introduced by Chatrand, Zhang, McKeon, and John [1]
in 2008. Every graph in this paper is ﬁnite and connected. Let G be a nontrivial graph, deﬁne a k-coloring c :
E(G) → {1, 2, ..., n} for some n ∈ N, where two adjacent edges may have the same color. A v − w rainbow path is a
path from v to w, denoted by v−w path, which there are no two edges in v−w path have the same color. A k-coloring
is said a rainbow k-coloring, if every pair of vertices w and v in the V(G) has a v − w rainbow path. The minimum
positive integer k where G has a rainbow k-coloring is deﬁned as the rainbow connection number, denoted by rc(G).
Let G be a graph with size m and diameter diam(G). The rainbow connection number of G satisﬁes
diam(G) ≤ rc(G) ≤ m. (1)
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Chatrand et al. determined the rainbow connection number of trees, paths, wheels, and complete graphs [1]. Besides
that, the rainbow connection number of fans, suns, and gears have been determined by Syafrizal et al. in [2] and [3].
Some other results about rainbow connection number of graphs can be found in [4].
Next, there will be introduced two new classes of graphs, pizza graphs and origami graphs. We derive the rainbow
connection number of pizza graphs and origami graphs. For simplifying, deﬁne i′ = i mod n for i ∈ N, and [a, b] =
{x ∈ Z|a ≤ x ≤ b}.
2. Main Results
2.1. The rainbow connection number of origami graphs
Let n ∈ N with n ≥ 3. An origami graph On on 3n vertices is a graph with V(On) = {ui, vi,wi|1 ≤ i ≤ n} such that
E(Wn) = {uiwi, uivi, viwi, uiui′+1,wiui′+1|1 ≤ i ≤ n}. The diameter of an origami graph On is  n2 	 + 2. In this section we
determine the rainbow connection number of origami graphs as follows.
Theorem 1. Let n be an positive integer at least 3 and On be an origami graph on 3n vertices. Then the rainbow
connection number of On is
rc(On) =
⌊n
2
⌋
+ 2.
Proof. In order to proof rc(On) ≥
⌊
n
2
⌋
+ 2, deﬁne a coloring c : E(On)→
[
1,
⌊
n
2
⌋
+ 2
]
, n ∈ N as follows. Let i ∈ [1, n].
For even n,
• c(uiui′+1) = c(viwi) = c(uiwi) = i −
⌊
2(i−1)
n
⌋n
2
;
• c(uivi) =
⌊
n
2
⌋
+ 2; and
• c(ui′+1wi) =
⌊
n
2
⌋
+ 1.
For odd n,
• c(viwi) = c(uiui′+1) = i −
⌊
2(i−1)
n
⌋⌈n
2
⌉
;
• c(uiwi) =
⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
i, if i ≤
⌊
n
2
⌋
;⌊
n
2
⌋
+ 2, i >
⌊
n
2
⌋
;
1, if i = n;
• c(uivi) =
⎧⎪⎪⎨⎪⎪⎩
i, if i ≤
⌊
n
2
⌋
;⌊
n
2
⌋
+ 1, if
⌊
n
2
⌋
< i ≤ n;
• c(ui′+1wi) =
⌊
n
2
⌋
+ 2 .
We are able to ﬁnd a rainbow path for every pair vertices x and y in V(On) as shown in Table 1. It follows rc(On) ≤⌊
n
2
⌋
+ 2. Since diameter of On is
⌊
n
2
⌋
+ 2, we obtain rc((O)n) ≥
⌊
n
2
⌋
+ 2. So, we can conclude that rc(On) =
⌊
n
2
⌋
+ 2.
2.2. The rainbow connection number of pizza graphs
Let n ∈ N with n ≥ 3 and Wn be a wheel on n + 1 vertices. A center vertex of Wn is the vertex which is adjacent
with all other vertices. Every edge which is incident with the center vertex of a wheel is called spoke. A pizza graph
on 2n + 1 vertices, denoted by Pzn, is a graph which is obtained from a subdivision of Wn in every each of its spokes.
We can check that the diameter of pizza graps is 2 if n = 3, 3 if 4 ≤ n ≤ 7, or 4 if n ≥ 8. We determine the rainbow
connection number of pizza graphs as stated in the next theorem.
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Table 1. x − y rainbow path
Case x y Condition x − y path
n is
even
vi w j i > j ∧ i − j >  n2 	 x, ui, ui+1, ..., un, u1, ..., u j, y
vi w j i > j ∧ i − j ≤  n2 	 x, ui, ui−1, ..., u j+1, y
vi w j i < j ∧ j − i ≥  n2 	 x, ui, ui−1, ..., u1, un, ..., u j, y
vi w j i ≤ j ∧ j − i <  n2 	 x, ui, ui+1, ..., u j, y
vi v j i < j ∧ j − i ≤  n2 	 x,wi, ..., u j, y
vi v j i < j ∧ j − i >  n2 	 x, ui, ui−1, ..., u1, un, ..., u j′+1,wj′ , y
n is
odd
ui u j i > j ∧ i − j ≤  n2 	 x, ui−1, ..., u j+1, y
ui u j i > j ∧ i − j >  n2 	 x, ui+1, ..., un, u1, ..., y
v j ui i < j ∧ j − i ≤  n2 	 x, u j, u j−1, ..., ui+1, y
v j ui i < j ∧ j − i >  n2 	 x,wj′ , u j′+1, ..., un, u1, ..., ui−1, y
v j ui i > j ∧ i − j ≤  n2 	 x,wj′ , u j′+1, ..., ui−1, y
v j ui i > j ∧ i − j >  n2 	 x, u j, u j−1, ..., u1, un, ..., ui+1, y
wj ui i < k ∧ k − i ≤  n2 	 x, u j, u j−1, ..., ui+1, y
wj ui i < k ∧ k − i >  n2 	 x, uk , ..., un, u1, ..., ui−1, y
wj ui i > k ∧ i − k ≤  n2 	 x, u j, ..., u1, un, ..., ui+1, y
wj ui i > k ∧ i − k >  n2 	 x, uk , uk+1, ..., ui−1, y
vi w j′ i < k ∧ k − i ≤  n2 	 x,wi, ui′+1, ..., u j, y
vi w j′ i < k ∧ k − i >  n2 	 x, ui, ui−1, ..., u1, un, ..., uk+1, uk , y
vi w j′ i ≥ k ∧ i − k ≤  n2 	 x, ui, ui−1, ..., uk+1, uk , y
vi w j′ i > k ∧ i − k >  n2 	 x,wi, ui′+1, ..., un, u1, ..., u j−1, u j, y.
vi v j i < j ∧ j − i ≤  n2 	 x,wi, ..., u j, y
vi v j i < j ∧ j − i >  n2 	 x, ui, ui−1, ..., u1, un, ..., u j′+1,wj′ , y
wi w j l − i ≤  n2 	 ∧ l ≤  n2 	 x, uk , ..., u j, y
wi w j l − i ≤  n2 	 ∧ l >  n2 	 x, uk , ..., u j, v j, y
wi w j l − i >  n2 	 x, ui, ...u1, un, ..., ul, y
Fig. 1. Rainbow 4-colorings on (a) O4; (b) O5.
Theorem 2. Let n be an integer at least 3 and Pzn be a pizza graph on 2n + 1 vertices. Then the rainbow connection
of Pzn is
rc(Pzn) =
⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
3, for 3 ≤ n ≤ 4;
4, for 5 ≤ n ≤ 8;
5, for n ≥ 9.
Proof. Let V(Pzn) = {u, vi,wi|1 ≤ i ≤ n}. Deﬁne vn+1 = v1 and wn+1 = w1. So, E(Pzn) = {uvi, viwi,wi,wi+1|1 ≤ i ≤ n}.
First, we prove an upper bound of rc(Pzn). We divide the proof into four cases as follows. Let i ∈ [1, n].
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Case 1 : n ∈ {3, 4}
Deﬁne a 3−coloring: E(Pzn)→ [1, 3] as follows.
• c(uvi) = 1 + (i − 1) mod 3;
• c(viwi) = 3 − i mod 2;
• c(wiwi′+1) =
⎧⎪⎪⎨⎪⎪⎩
2, if i = 1;
(|2i − 3|) mod 4, if i  1.
Case 2 : n ∈ {5, 6, 7, 8}
Deﬁne a 4−coloring: E(Pzn)→ [1, 4] as follows.
• c(uvi) =
⌈ i
2
⌉
;
• c(viwi) =
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
( i
2
)
mod (4) + 1, if i is even;
4 −
((
3
⌊ i
2
⌋)
mod 4
)
, if i is odd;
• c(wiwi+1) =
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
i
2
, if i is even; and
1 +
(⌈ i
2
⌉
+ 1
)
mod 4, if i is odd.
Case 3 : n is odd at least nine
Deﬁne a 5−coloring: E(Pzn)→ [1, 5] as follows.
• c(uvi) =
⎧⎪⎪⎨⎪⎪⎩
3, if i = n;
1 + 4(1 − (i mod 2)), if i  n;
• c(viwi) =
⎧⎪⎪⎨⎪⎪⎩
4, if i = n;
2 + 2(1 − (i mod 2)), if i  n;
• c(wiwi′+1) =
⎧⎪⎪⎨⎪⎪⎩
5, if i = n − 1;
3, if i  n − 1;
Case 4 : n is even at least 10
Deﬁne a 5−coloring: E(Pzn)→ [1, 5] as follows.
• c(uvi) = 1 + 4(1 − (i mod 2));
• c(viwi) = 2 + 2(1 − (i mod 2));
• c(wiwi′+1) = 3.
We can check that, for every x and y in V(Pzn), there is an x− y rainbow path as shown in Table 2 for Case 1, in Table
3 for Case 2, and in Table 4 for Case 3 and Case 4.
Next, we prove a lower bound of rc(Pzn). We divided it into three cases.
Case 1, n = 3
Suppose that rc(Pz3) < 3. There is a rainbow 2-coloring c on the Pz3. Since there are only 2 colors available, there
are i and j in {1, 2, 3} such that c(uvi) = c(uv j). It follows that there is no vi − v j rainbow path since the only vi − v j
path with a length 2, namely viuv j, has the same color. So, it must be rc(Pz3) ≥ 2.
Case 2, 5 ≤ n ≤ 7
Suppose that rc(Pzn) < 4. So, there is a rainbow 3-coloring c on Pzn. Since for every i, j in {1, 2, ..., n} with |i − j| > 1
(except for i = 1 and j = n), v juvi is the only vi − v j path with length at most 3, c(uv j)  c(uvi). Because there are
only three colors to coloring the set {uvi|1 ≤ i ≤ n} and with the previous property, we get, without loss of generality,
c(uv1) = c(uv2), c(uv3) = c(uv4), and c(uvn) = c(uvn−1).
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Table 2. x − y rainbow paths for Case 1
x y condition path
vi v j
i  1, j  4 viuv j
otherwise viwiuwjv j
vi w j
i = 1 ∧ j  4 viuv jw j
otherwise viwiw j
u vi uvi
u wi uviwi
wi w j
i < j ∨ j − i < 3 wiwi+1wj
otherwise wiwj
Table 3. x − y rainbow paths for Case 2
x y condition path
vi v j
⌊ i
2
⌋
=
⌊ j
2
⌋
viwiw jv j
otherwise viuv j
vi w j
⌊ i
2
⌋
=
⌊ j
2
⌋
viwiw j
c(uvi)  c(v jw j), j  n if n odd
• if j odd viuv j+1wj+1wj
• if j even viuv j−1wj−1wj
j = n with n odd viwiwi+1...wj
wi w j
|i − j| = 4∨ wiviuv jw ji = 2, j = 6 for n ∈ {6, 7}
i < j, j − i < 4 wiwi+1...wj
otherwise wjwj+1...w1...wi
u vi - uvi
u wi - uviwi
Fig. 2. Rainbow colorings on the (a) Pz4; (b) Pz8; (c)Pz9.
For n = 7, there is not any color such that there are a v5 − v1 rainbow path, v5 − v3 rainbow path, and v5 − v7 rainbow
path. So, rc(Pz7) > 3.
For n ∈ {5, 6}, without loss of generality, write c(uv1) = 1, c(uv2) = 1, c(uv3) = 2, c(uv4) = 2, and c(uvn) = 3. Let
c(viwi) = ai and c(wiwi+1) = bi, for 1 ≤ i ≤ n. The v1 − v2 rainbow path causing
a1  a2  b1 and a1  b1 (2)
and the v3 − v4 rainbow path causing
a3  a4  b3 and a3  b3. (3)
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Table 4. x − y rainbow paths for Case 3 and Case 4
x y condition path
u vi uvi
u wi uviwi
vi v j
i < j
i, j have the same varitas, j  n if n odd v juvi+1wi+1wivi
i, j have diﬀerent varietas ∨ j = n if n odd v juvi
wi w j
i < j
i, j have the same varitas, j  n if n odd wiwi+1v + i + 1uv jw j
i, j have diﬀerent varitas wjv juviwi
j = n if n odd ∧ i even wjv juvi−1wi−1wi
vi w j
n odd
i, j diﬀerent varitas∨ j = n ∨ i = n viuv jw j
j = n − 1, i even wjwj−1v j−1uvi
j = 1, i odd, i  n viuv j+1wj+1wj
n even
i, j diﬀerent varitas viuv jw j
i, j have the same varitas viuv j+1wj+1wj
There are 3 colors which is possible for a2, namely 1, 2, or 3. If a2 = 1, then the v3 −w2 rainbow path must be through
v3w3w2. It forces a3  b2. Meanwhile, the v4 − w2 rainbow path goes through v4w4w3w2. Then, we get b2  b3  a4
and b2  a4. Hence, we get either a3 = b3 or a3 = a4 which is contradicted with (3). So, a2  1. With similar
explanation, a2 = 2 also impact c is not the rainbow coloring. So, we get a2 must be 3. Consequently, the color of a2
forces the vn − w2 rainbow path goes through vnwnw1w2. These forces either
a1 = bn or a1 = an. (4)
Remember that a1  a2 = 3, so the possibility are either a1 = 1 or a1 = 2. For n = 6, both the possibilities cannot
happen because of the w1 − v4 rainbow path. So, rc(Pz6) > 3.
For n = 5, If a5 = 1, then the v3 − w5 rainbow path must be through v3w3w4w5. It forces a3  b2. Meanwhile, the
v4 − w5 rainbow path goes through v4w4w5. Then, we get b2  b3  a4 and b2  a4. Hence, we get either a4 = b3 or
a3 = a4 which is contradicted with (3). So, a5  1. With the similar explanation, a5 = 2 also give the same impact as
a5 = 1. So, a5 = 3. These and from the condition (4), we get a1 = b5. Therefore, there is not any w5 − v1 rainbow
path. So, c is not the rainbow coloring. As a result, rc(Pz5) > 3.
Case 3, n ≥ 9
Suppose that rc(Pzn) < 5. Let c be a rainbow 4-coloring in Pzn. In this case, the diameter of Pzn is 4. As a result is,
for i and j in {1, 2, ..., n} with 2 < |i − j| < n − 2, the only vi − v j path with the length less than ﬁve is through viuv j.
Furthermore, if c(uvi) = c(uv j) then 2 > |i − j| or |i − j| > n − 2. Moreover, if a color a color three diﬀerent edges in
{uvi|1 ≤ i ≤ n}, then the edge with color a must be uvi, uvi+1, uvi+2 (or its modulo n).
Notice a vi − vi+2 and a vi − vi+1 rainbow paths. A vi − vi+2 path become a rainbow path only if it goes through
viwiwi+1wi+2vi+2. Without loss of generality, write c(viwi) = 1, c(wiwi+1) = 2, c(wi+1wi+2) = 3, and c(wi+2vi+2) = 4.
Meanwhile, a vi − vi+1 path can only be a rainbow path if it goes through viwiwi+1vi+1. Therefore, it has to be
c(vi+1wi+1) ∈ {3, 4}. Hence, there is no a vi+1 − vi+2 rainbow path. We get a contradiction. So, rc(Pzn) ≥ 5.
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